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Resum6 -Un nouveau modsle d e c r i v a n t l e r e n v e r s e m e n t d e l ' a i m a n t a t i o n d ' u n m a t Q r i a u p o l y c r i s t a l l i n e s t p r o p o s e . I1 s e f o n d e s u r l ' i d Q e que c e r e n v e r s ement e s t r e g i p a r l a c r o i s s a n c e d e g r a n d e s r Q g i o n s q u i i n c l u e n t p l u s i e u r s c r i s t a u x . Une a p p r o c h e q u a n t i t a t i v e c o n d u i t en p r e m i e r e a p p r o x i m a t i o n B une e x p r e s s i o n s i m p l e d e l a c o e r c i t i v i t 6 (HE) q u i r e f l h t e l ' i n f l u e n c e d e l a m i c r o s t r u c t u r e a i n s i que d e f a c t e u r s i n t r i n s s q u e s . L ' e x i s t e n c e d e c e s g r a n d e s r e g i o n s e t l e f a i t que l e u r c r o i s s a n c e d e t e r m i n e g Q n 6 r a l m e n t l a v a l e u r d e Hc s o n t d h o n t r e s e x p e r i m e n t a l e m e n t . L ' e x p r e s s i o n p r o p o s e e pour l e champ c o e r c i t i f a Bt6 testee p a r d e s e x p e r i e n c e s p r 0 l i m i n a i r e s . La p l u p a r t d e ses i m p l i c a t i o n s s o n t c o n f i r m Q e s e n p r e m i s r e a p p r o x i m a t i o n , e n p a r t i c u l i e r l a r e l a t i o n e n t r e Hc e t l a r h a n e n c e [Er), e n t r e l a t a i l l e d e s g r a i n s e t l e champ d ' a n i s o t r o p i e (HA).
A b s t r a c t -A new model f o r t h e m a g n e t i z a t i o n r e v e r s a l o f a p o l y c r y s t a l l i n e m a t e r i a l i s proposed. I t is b a s e d on t h e c o n c e p t i o n t h a t t h i s r e v e r s a l is
governed by t h e growth o f l a r g e m u l t i c r y s t a l r e v e r s e d r e g i o n s . Q u a n t i t a t i v e e l a b o r a t i o n ( f i r s t a p p r o x i m a t i o n ) l e a d s t o a s i m p l e e x p r e s s i o n f o r t h e c o e r c i v i t y (Hc) which r e f l e c t s t h e i n f l u e n c e o f t h e m i c r o s t r u c t u r e and a l s o o f i n t r i n s i c f a c t o r s . The e x i s t e n c e o f l a r g e m u l t i c r y s t a l r e v e r s e d r e g i o n s a s w e l l a s t h e f a c t t h a t t h e i r growth g e n e r a l l y g o v e r n s t h e H is d e m o n s t r a t e d e x p e r i m e n t a l l y . The proposed e x p r e s s i o n f o r t h e fi h a s been t e s t e d by some p r e l i m i n a r y e x p e r i m e n t a l i n v e s t i g a t i o n s . Most 07 t h e i m p l ic a t i o n s a r e confirmed i n f i r s t a p p r o x i m a t i o n , e.g. t h e r e l a t i o n o f t h e Hc w i t h t h e remanence (B,), t h e g r a i n s i z e and t h e a n i s o t r o p y f i e l d (HA).
I -JNTRODUCTION
H e x a f e r r i t e s o r "M" f e r r i t e s a r e c h a r a c t e r i z e d by t h e c h e m i c a l formula MeFe 0 (Me = Ba, S r o r Pb) and t h e h e x a g o n a l "Magnetoplumbite" o r "M" c r y s t a l struE2uhZ. They a r e w i d e l y a p p l i e d a s permanent magnet m a t e r i a l s . M o s t i m p o r t a n t a r e t h e g r a i n o r i e n t e d o r " a n i s o t r o p i c o ' m a t e r i a l s . L a r g e s c a l e p r o d u c t i o n i s c o n c e n t r a t e d on s i n t e r e d a n i s o t r o p i c M f e r r i t e s /I/. The development o f s i n t e r e d a n i s o t r o p i c M f e r r i t e s is f o c u s e d on improving remanence ( 9 ) and c o e r c i v i t y (Hc). I n t h i s p a p e r we s h a l l c o n c e n t r a t e on t h e H and i n v e s t i g a t ; t h e o r e t i c a l l y t h e p o s s i b i l i t i e s t o improve t h e H i n p a r t i c u l a r 6 i t h r e s p e c t t o t h e m i c r o s t r u c t u r e . I t i s generalEy known t h a t h i g h H r e q u i r e s a s m a l l g r a i n s i z e . The i n f l u e n c e o f o t h e r m i c r o s t r u c t u r a l f a c t o r s s u c k a s p o r o s i t y and c r y s t a l s h a p e , however, is n o t known i n d e t a i l . There is a l s o no clear p i c t u r e a b o u t t h e i n f l u e n c e o f i n t r i n s i c f a c t o r s s u c h a s t h e a n i s o t r o p y f i e l d (HA) and t h e s a t u r a t i o n m a g n e t i z a t i o n (Js). T h i s i s due t o t h e fact t h a t d e t a i l e d knowledge a b o u t t h e p h y s i c a l mechanism u n d e r l y i n g t h e r e v e r s a l o f t h e p o l y c r y s t a l l i n e m a t e r i a l is l a c k i n g . The a v a i l a b l e knowledge c o n n e c t e d w i t h t h e m a g n e t i z a t i o n r e v e r s a l o f s i n t e r e d a n i s o t r o p i c M f e r r i t e s c a n be c l a s s i f i e d i n t h r e e c a t e g o r i e s : ( a ) t h e o r e t i c a l and e x p e r i m e n t a l s t u d i e s on s e p a r a t e ( s m a l l ) c r y s t a l s /2-5/, ( b ) e m p i r i c a l knowledge on p o l y c r y s t a l l i n e m a t e r i a l s /6-8/, ( c ) t h e o r e t i c a l and e x p e r i m e n t a l s t u d i e s which i n t e n d t o p r o v i d e a b r i d g e between c a t e g o r i e s " a " and "b" /9/. I n t h i s s t u d y we w i l l t r y t o c o n t r i b u t e t o t h e knowledge i n category%!' We s h a l l d e v e l o p ( s e c t . 2 ) a s e m i q u a n t i t a t i v e model on t h e r e v e r s a l o f s i n t e r e d a n i s o t r o p i c M f e r r i t e s which u s e s t h e knowledge o f c a t e g o r y "a" and which i s c o m p a t i b l e w i t h t h e d a t a from c a t e g o r y "b"
Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jphyscol:1985664 C6-35 0 JOURNAL DE PHYSIQUE I 1 -THEORY W e c o n s i d e r a s i n t e r e d a n i s o t r o p i c M f e r r i t e having a c r y s t a l l i t e s i z e o f about 1 vm and a demagnetization curve w i t h a s h a r p knee i n t h e h d quadrant.We s h a l l c o n c e n t r a t e on f a c t o r s governing t h e i r r e v e r s i b l e demagnetization. F i r s t a s e t of s t a t e m e n t s is given ( s e c t 2.1). The f i r s t 5 s t a t e m e n t s u n d e r l i e t h e 6 t h one, where t h e proposed view on t h e magnetization r e v e r s a l of a p o l y c r y s t a l l i n e m a t e r i a l is d e s c r i b e d i n q u a l i t a t i v e terms. We do n o t want t o s u g g e s t t h a t t h e s e s t a t e i :~e n t s a r e v a l i d under a l l circumstances. We s h a l l r a t h e r use them a s p o s t u l a t e s i n o r d e r t o be a b l e t o f o c u s on t h e i m p l i c a t i o n s o f s t a t e m e n t 6. In s e c t . 2.2, s t a t e m e n t 6 i s e l a b o r a t e d q u a n t i t a t i v e l y i n f i r s t a p p r o x i m a t i o n , r e s u l t i n g i n a r a t h e r simple express'ion f o r t h e maonetization coercivity@lcJ,) o f t h e p o l y c r y s t a l l i n e m a t e r i a l . 2.1 Statements 1. I n t h e remanent s t a t e t h e c r i t i c a l diameter f o r s i n q l e domain behaviour is 7 1 pm; t y p i c a l c r y s t a l l i t e s ( 1 vm) do n o t c o n t a i n s t a b l e w a l l s ( Fig.1 and ref.10 ). 2. Magnetization r e v e r s a l o f a t y p i c a l c r y s t a l l i t e proceeds by n u c l e a t i o n and growth of r e v e r s e d domains, n u c l e a t i o n b e i n g t h e l i m i t i n g f a c t o r /3/. 3. Exchange i n t e r a c t i o n between neighbouring c r y s t a l l i t e s is n e g l i g i b l e /11/.
During magnetization r e v e r s a l of a p o l y c r y s t a l l i n e m a t e r i a l , a new wall h a s t o be nucleated i n each c r y s t a l l i t e . The i n t e r a c t i o n is only o f m a g n e t o s t a t i c n a t u r e , being taken i n t o account by t h e combined f i e l d of a l l surrounding g r a i n s ( t h e "Lorentz f i e l d " , HL).
The i n t e r n a l f i e l d needed f o r n u c l e a t i o n of a w a l l ( " i n t e r n a l n u c l e a t i o n f i e l d " , H . ) i n c r e a s e s with d e c r e a s i n g s i z e ( t h i c k n e s s ) o f t h e ( u n s t r a i n e d ) crystallif!& and is roughly p r o p o r t i o n a l t o Hfi /12,13/.
I n t h e f i r s t p a r t o f t h e demagnetization curve up t o t h e knee magnetization r e v e r s a l is l i m i t e d t o some s c a t t e r e d l o c a t i o n s c h a r a c t e r i z e d by e x c e p t i o n a l c o n d i t i o n s : low n u c l e a t i o n f i e l d s (e.g. g i a n t c r y s t a l s ) and/or high l o c a l demagnetizing f i e l d s ( e.g. s h a r p edges). 6. The second p a r t o f t h e demagnetization c u r v e , beyond t h e knee, corresponds t o ( f a s t ) growth of m u l t i c r y s t a l r e v e r s e d r e g i o n s . A t t h e boundary o f a reversed r e g i o n , unreversed c r y s t a l l i t e s a r e ( p a r t l y ) surrounded by r e v e r s e d neighbours (Fig. 2). I n t h a t c a s e t h e f i e l d of t h e neighbours (HL).and t h e demagnetizing f i e l d o f t h e unreversed c r y s t a l l i t e (HD) cooperate w l t h t h e e x t e r n a l c o u n t e r f i e l d (H ).
When t h e j o i n t c o u n t e r f i e l d exceeds t h e i n t e r n a l n u c l e a t i o n f i e l d (H . ) o f e t h e concerned c r y s t a l l i t e , i t w i l l be reversed. Hni (Fig. 2 ) . The growth o f t h e r e v e r s e d r e g i o n around unreversed c r y s t a l l i t e s i s favoured by t h e f a c t t h a t w a l l s a r e n o t s t a b l e near He = HcJ (Fig. l! .When i n t h a t c a s e a w a l l is nucleated i n a c r y s t a l l i t e , t h e whole c r y s t a l l i t e is r e v e r s e d . I n t h i s way a r e v e r s e d region can p e n e t r a t e an unreversed reqion! M u l t i c r y s t a l r e v e r s e d r e g i o n s have been supposed t o e x i s t i n f e r r i t e magnets /9,14/ and microscopic r e g i o n s have a c t u a l l y been observed f o r o t h e r materials/l5,16Qbut no a u t h o r d
When t h e average jo?;t c o u n t e r f i e l d exceeds t h e H of t h e m a j o r i t y o f t h e c r y s t a l l i t e s , t h e reversed r e g i o n can grow withou! limitation. This c o n d i t i o n governs t h e c o e r c i v i t y ( H ). I t r e f e r s t o t y p i c a l v a l u e s o f Hni, HD and b~ HL ( i n c o n t r a d i s t i n c t i o l i c $ o s t a t e m e n t 5 ) . The proposed c o n d i t i o n f o r t h e unlimited growth of a m u l t i c r y s t a l r e g i o n presupposes t h a t c r y s t a l l i t e s with r e l a t i v e high Hni a r e ( p a r t l y ) surrounded by reversed c r y s t a l s with lower
( 1 ) t h e surrounding reversed m a t e r i a l is assumed t o be homogeneous and i n f i n i t e l y extended i n v e r t i c a l d i r e c t i o n with average magnetization
Where J r i s t h e remanent magnetization i n d Br t h e remanent i n d u c t i o n ,
( 2 ) t h e c a v i t y i n which t h e c o n c e r n 4 c r y s t z l is l o c a t e d corresponds e x a c t l y w i t h t h e room taken up by t h e c r y s t a l i t s e l f .
Under t h e s e two c o n d i t i o n s we may w r i t e Fig. 2 , t h e r e v e r s e d r e g i o n can grow without l i m i t a t i o n . I n formula, we w r i t e a s t h e c o n d i t i o n f o r p o l y c r y s t a l l i n e r e v e r s a l :
R e f e r r i n g t o s t a t e m e n t 6 we s t a t e t h a t when a t y p i c a l c r y s t a l l i t e i s reversed under t h e c o n d i t i o n s a s d e p i c t e d i n
where Ht is t h e ( a v e r a g e ) c o u n t e r f i e l d a c t i n g upon t h e c r y s t a l and H is t h e (average) i n t e r n a l n u c l e a t i o n f i e l d . The t o t a l f i e l d (Ht) is composeaiof d i f f e r e n t c o n t r i b u t i o n s : t h e e x t e r n a l f i e l (Fig. 21 , s o , we may w r i t e Ht = He + HD + HL
d (H,)the demagnetizing f i e l d (HD) and t h e Lorentz f i e l d (HL). For t h e p r e s e n t , we r e s t r i c t o u r s e l v e s t o measurements i n a yoke, s o t h a t t h e ( e x t e r n a l ) demagnetizing f i e l d from t h e o u t e r s u r f a c e o f t h e product can be neglected. I n a d d i t i o n we have restricted o u r s e l v e s t o t h e c a s e H~/ / H~/ / H~
(5 The e x t e r n a l f i e l d (H ) f o r which bulk r e v e r s a l o c c u r s , is by d e f i n i t i o n t h e c o e r c i v i t y (HcJ) . e~o m b i n i n g t h i s with eqs. ( 4 ) and ( 5 ) , we g e t :
HcJ = Hni -HD -H~
( 6 )
Using e q s . ( 1 ) ( 2 ) and (3)and t h e approximation H . = kl HA ( s t a t e m e n t 4 ) n i
where kl is dependent on t h e c r y s t a l s i z e , eq. ( 6 ) r e s u l t s f i n a l l y i n H~~ = k l~A -N( k2-2 1 ) B~~ -1
Based on g e n e r a l experience we i n t r o d u c e t h e e m p i r i c a l formula H~~ = c -i x~~~~-~
19)
According t o t h e proposed model, t h e c o n s t a n t s C and 0( a r e given by:
In these expressions we recognize various H determining factors. Expression (10) implies that the constant C is: . dependent on particle size (thickness) since H • increases with decreasing particle thickness . independent of the measuring temperature, since H. is nearly independent of the temperature up to about 300°C /l/ . dependent on substitutions which affect H". Expression (11) implies that the constant ot is: . dependent on the crystal shape, since N is governed by the crystal shape . dependent on k 2 , i..e. on the density, the degree of alignment and the amount of non magnetic 2nd phase. Since both C and OC are related to the microstructure, they can not be derived experimentally from materials sintered under different conditions. Making use of the implication that C is independent of the measuring temperature they can be determined by measuring H , and B at different measuring temperatures (see sect. 3 ).
Ill -EXPERIMENTAL
The existence of multicrystal reversed regions was investigated by examining partially demagnetized samples with a small Hall probe and a "magnetic field viewer" foil. The latter can display differently polarized regions on macroscale. Partial reversal was performed by using a yoke equipment. The used samples were flat shaped with a thickness of about 10 mm and a pole area of about 10 square cm. For measurements on the temperature dependence of B and H as well as quantitative roicrostructural analysis, a group of 12 materials was selected from available samples. These materials are characterized by the same chemical composition but by a different processing and different final properties (Table la) . The group consists of 4 different powder families (labelled A to D) which have been sintered for 3 different times (labelled 1 to 3). Demagnetization curves were measured at 26 , 50 and 94 by using a PAR Vibrating Sample Magnometer.Polished and thermally etched cross sections parallel to the preferred axis were examined quantitatively bv applying a semi automatic planimetric method. The number of counted grains was about 700. Finally some available B and H , values of Al^O, substituted materials were selected. These materials differed only in Al-0, content (0.5 -2.5 wt.?o). Their processing was the same. Table Ic ) and for N (formula (11) ), using k2 and «values from Tables la and Id). Table II Remanence and coercivity for a series of A1 ? 0, substituted materials (from Mr. Jordan, M.M.C. Southport U.K.).
IV -EXPERIMENTAL RESULTS
I h l t i c r y s t a l reversed r e g i o n s were a c t u a l l y observed. Their s i z e and shape was s t u d i e d i n r e l a t i o n t o t h e degree o f r e v e r s a l ( J / J r , varying from +1 t o -1, Fig.3 ). Fig. 4 shows a s an example of t h e a c t u a l r e g i o n s when
I t appeared t h a t t h e
Q u a n t i t a
\ I -DISCUSSION OF RESULTS
The e x i s t e n c e of l a r g e m u l t i c r y s t a l r e v e r s e d r e g i o n s h a s been proven ( F i g . 3 , 4 ) . I t is n o t only demonstrated t h a t t h e r e e x i s t . macro r e g i o n s with d i f f e r e n t p o l a r i t y , b u t a l s o t h a t t h e s e r e g i o n s a r e extended from t h e t o p t o t h e bottom o f t h e sample, l i k e p i l l a r s ( c f . Fig. 4a 
and 4b). I n a d d i t i o n it is indeed observed t h a t n o t t h e i n i t i a t i o n b u t t h e growth o f t h e s e r e g i o n s determines t h e H , s i n c e i n a broad
J/J region around J/J =0, growth is t h e only observed pro&ss. The i n i t i a t i o n o f revgrsed r e g i o n s occur: only a t l o c a l i t i e s with low H . T h i s was v e r i f i e d by c u t t i n g p a r t s from t h e sample and re-examining t h e f i k t r e v e r s e d r e g i o n s . The f i e l d a t which t h e f i r s t r e v e r s e d r e g i o n s appear is n o t much s m a l l e r t h a n t h e HcJ.So,it is p o s s i b l e t h a t f o r very homogeneous m a t e r i a l s i n i t i a t i o n of t h e f i r s t r e g l o n s determines t h e HcJ. Compared with t h e m u l t i c r y s t a l r e g i o n s a s observed t o r c o~a l t r a r e e a r t h m a t e r i a l s by u s i n g Kerr e f f e c t /15,16/ t h e r e g i o n s i n M f e r r i t e a r e much l a r g e r . P l o t t i n g of B v e r s u s HcJ f o r d i f f e r e n t measuring temperatures (Table I c ) r e s u l t s i n s t r a i g h t l h e s a s a l s o r e p o r t e d e a r l i e r / l 8 / . T h i s s u p p o r t s t h e introduced e m p i r i c a l formula ( 9 ) . From t h e s e s t r a i g h t l i n e s , v a l u e s f o r C and X h a v e been d e r i v e d (Table I d ) . The found M v a l u e s a r e f u r t h e r processed t o N v a l u e s , making use of eq. (11) and t h e k2-values o f Table I a . I t can be seen t h a t t h e r e s u l t i n g N v a l u e s a r e i n t h e r i g h t o r d e r of magnitude (0.4 -0.8, s e e s e c t .
2.2). T h i s s u p p o r t s t h e D~O D O S~~
model ( s t a t e m e n t 6 and formula ( 8 ) ) . ) wt% AIX). 
JOURNAL DE PHYSIQUE
Plow we s h a l l t r y t o c o r r e l a t e t h e found v a l u e s f o r C , M and N ( T a b l e I a , c , d ) w i t h t h e m i c r o s t r u c t u r a l d a t a ( T a b l e I b ) . I t s h o u l d be remarked , however, t h a t t h e v a r i a t i o n s i n m i c r o s t r u c t u r e s were less pronounced t h a n had been e x p e c t e d . N e v e r t h e l e s s , we have c o n t i n u e d t h e e x a m i n a t i o n o f t h e s e m a t e r i a l s . T a b l e I c shows t h a t i n g e n e r a l C d o e s i n c r e a s e w i t h d e c r e a s i n g d However, t h e C-d r e l a t i o n d i f f e r s s t r o n g l y f o r t h e d i f f e r e n t p o w d e r f a m i l i e s ? O~t i s n o t c l e a r wh??her t h i s is s i g n i f i c a n t , b e c a u s e we d o n o t e x a c t l y knou t h e a c c u r a c y o f t h e s e v a l u e s . The 69 v a l u e s a r e l e f t o u t o f t h e d i s c u s s i o n s i n c e t h e v a r i a t i o n i n v a l u e s i s s m a l l e r t h a n f o r d5, , w h i l e t h e i n a c c u r a c y is e v e n -l a r g e r . The e x p e c t e d c o r r e l a t i o n between t h e N v a l u e and t h e a v e r a g e s h a p e f a c t o r (Sh) was n o t found. I t i s n o t c l e a r w h e t h e r t h i s is due t o t h e s m a l l d i f f e r e n c e s between S h v a l u e s , o r t o t h e f a c t t h a t a c t u a l i n f l u e n c e o f t h e c r y s t a l s h a p e is less t h a n t h e model p r e d i c t s .
With t h e Alp03 s u b s t i t u t e d m a t e r i a l s ( T a b l e 1 1 ) we would l i k e t o d e t e r m i n e t h e dependence o f C on t h e A 1 0 c o n t e n t i n o r d e r t o t e s t f o r m u l a ( 7 ) . The C v a l u e s c a n be d e r i v e d form t h e Br a n 6 fiC v a l u e s p r o v i d e d d is known. U n f o r t u n a t e l y t h e a c t u a l m a t e r i a l s were n o l o n g e r a v a l j a b l e t o measure. W e t o o k a n a v e r a g e v a l u e & = 1 . 7 ( T a b l e I I d ) and c a l c u l a t e d t h e C v a l u e s on t h i s b a s i s . F i g . 5 shows C v e r s u s wt.E A1203. We f i n d i n d e e d a s t r a i g h t l i n e w i t h a s l o p e c l o s e t o t h a t o f HA/19/.
UI -FINAL CONCLUSIONS
A model f o r t h e c o e r c i v i t y o f s i n t e r e d a n i s i t r o p i c M t y p e f e r r i t e i s proposed on t h e b a s i s o f t h e c o n c e p t i o n t h a t t h e H i s governed by t h e qrowth o f m u l t i c r s t a l r e v e s e d r e g i o n s . The r e s E l t i n g ex r e s s i o n f o r t h e c o e r c i v i t y r e a d s = CY-4 w i t h C = k H and 4 ; N(k ' + 1 ) where k1 i s governed by t h e k h n s i z e , N by t h e c r y s t a l s h a b e and k2 by t 6 e d e g r e e o f a l l s n r n e n t , t h e d e n s i t y and amount o f non m a g n e t i c 2nd phase.The model is c o m p a t i b l e w i t h t h e g e n e r a l e x p e r i e n c e , i n p a r t i c u l a r w i t h t h e f a c t t h a t H d e c r e a s e s when 8, i n c r e a s e s . I n a d d i t i o n it p r o v i d e s r e l a t i o n s o f H w i t h t h e E i c r o s t r u c t u r e ( k l , k2 ,N) and t h e i n t r i n s i c p r o p e r t i e s HA and I ( t h g l a t t e r b e i n g i m p l i c i t e l y g l v e n by Br and k2). The e x i s t e n c e o f l a r g e m u l t i c r~s t a l r e v e r s e d r e g i o n s h a s been d e m o n s t r a t e d e x p e r i m e n t a l l y , and a l s o t h e f a c t t h a t i n g e n e r a l t h e i r growth d e t e r m i n e s t h e HcJ. The r e s u l t i n g e x p r e s s i o n f o r HcJ is v e r i f i e d p r o v i s o n a l l y by u s i n g a s e l e c t e d number o f a v a i l a b l e m a t e r i a l s and d a t a . I n g e n e r a l t h e e x p e c t e d d e p e n d e n c i e s were s u p p o r t e d , e.g. t h e r e l a t i o n o f t h e HcJ w i t h t h e remanence ( B r ) , t h e c r y s t a l s i z e and t h e a n i s o t r o p y f i e l d (HA). The e x p e c t e d i n f l u e n c e o f t h e c r y s t a l s h a p e was n o t found. T h i s may be due t o t h e f a c t t h a t t h e d i f f e r e n c e i n c r y s t a l s h a p e proved t o b e r a t h e r small.
